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In the continuation of our previous work, the transverse momentum (pT ) spectra and nuclear mod-
ification factor (RAA) are derived using the relaxation time approximation of Boltzmann Transport
Equation (BTE). The initial pT -distribution used to describe p+ p collisions has been studied with
the pQCD inspired power-law distribution, Hagedorn’s empirical formula and with the Tsallis non-
extensive statistical distribution. The non-extensive Tsallis distribution is observed to describe the
complete range of the transverse momentum spectra. The Boltzmann-Gibbs Blast Wave (BGBW)
distribution is used as the equilibrium distribution in the present formalism, to describe the pT -
distribution and nuclear modification factor in nucleus-nucleus collisions. The experimental data
for Pb+Pb collisions at
√
sNN = 2.76 TeV at the Large Hadron Collider at CERN have been ana-
lyzed for pions, kaons, protons, K∗0 and φ. It is observed that the present formalism while explaining
the transverse momentum spectra up to 5 GeV/c, explains the nuclear modification factor very well
up to 8 GeV/c in pT for all these particles except for protons. RAA is found to be independent of
the degree of non-extensivity, qpp after pT ∼ 8 GeV/c.
PACS numbers: 12.38.Mh, 25.75.Nq, 25.75.Dw
I. INTRODUCTION
The search for a deconfined state of quarks and gluons
is a major goal of ongoing experiments based on rela-
tivistic heavy-ion collisions at high energies, like those
at the Relativistic Heavy Ion Collider (RHIC) at the
Brookhaven National Laboratory, USA and at the Large
Hadron Collider (LHC) at CERN, Switzerland. These
experiments are designed to create a plasma of quarks
and gluons, called Quark-Gluon Plasma (QGP); which
might have been formed after few micro-seconds of the
Big Bang. The created matter is described by partonic
degrees of freedom. The complete understanding of the
properties of this newly created matter has been very
challenging. Due to the parton (quarks and gluons) en-
ergy loss in the medium, suppression in particle yields is
observed in nucleus-nucleus collisions relative to p+p col-
lisions, where the formation of a medium is usually not
expected. Hence, the measurement of the suppression in
particle yield is an ideal diagnostic means to probe the
medium. The amount of suppression is generally mea-
sured with the help of nuclear modification factor, RAA,
which is defined as [1]:
RAA(pT ) =
(1/NevtAA)d
2NAA/dydpT
(〈Ncoll〉/σinelNN )× d2σpp/dydpT
, (1)
where d2NAA/dydpT is the yield and N
evt
AA is the num-
ber of events in nucleus-nucleus (A+A) collisions. 〈Ncoll〉
is the number of binary nucleon-nucleon collisions aver-
aged over the impact parameter range of the correspond-
ing centrality bin calculated by Glauber Monte-Carlo
∗Corresponding author: Raghunath.Sahoo@cern.ch
simulation [2]. σinelNN is the inelastic cross section and
d2σpp/dydpT is the differential cross section for inelastic
p+ p collisions. If A+A collisions are considered as mere
superposition of scaled p+ p collisions, then RAA should
always be unity. Deviation of RAA from unity indicates a
medium modification. The observation of suppression in
high-pT particle yields in Au+Au and Pb+Pb collisions
at RHIC and LHC as compared to p+ p collisions [3, 4],
suggests the formation of a dense medium. Also, RAA
can be represented as the ratio between the final distri-
bution of particles (ffin) and the initial particle distri-
bution (fin).
In this work, the initial distribution of the energetic
particles is represented by the Tsallis power law distri-
bution characterized by the Tsallis qpp parameter and
the Tsallis temperature Tpp, remembering the fact that
their genesis is due to very hard scatterings. Here the
parameter qpp, represents the degree of non-extensivity
or in other words the degree of deviation of the system
from a thermalized or equilibrated system, which is usu-
ally described by the well-known Boltzmann-Gibbs (BG)
statistical mechanics. We plug in the initial distribution
(fin) in the Boltzmann Transport Equation (BTE) and
solve it with the help of the Relaxation Time Approxi-
mation (RTA) of the collision term to find out the final
distribution (ffin). The final distribution includes both
equilibrium and Tsallis distribution. In our earlier work
[5], we have used the Boltzmann-Gibbs distribution as
an equilibrium distribution function to study the RAA
using the secondaries produced in A+A collisions. As
BG distribution only describes the pT -spectra in A+A
collisions upto moderate pT and BGBW has been quite
helpful in describing the pT -spectra up to higher pT , we
use the latter distribution as the equilibrium distribution
in the present formalism. The Boltzmann-Gibbs Blast
Wave function has built-in radial collective flow. Now,
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2the RAA is expressible in terms of qpp, Tpp, < βr > and
relaxation time τ , which can be computed and compared
with the experimental observations.
The paper is organized as follows. In section II, the
nuclear modification factor is derived using the Relax-
ation Time Approximation of the Boltzmann Transport
Equation. In section III, fits to the experimental data
(pT and RAA spectra) using the proposed model along
with results and discussions are presented. Finally, we
summarize our findings in section IV.
II. NUCLEAR MODIFICATION FACTOR IN
RELAXATION TIME APPROXIMATION (RTA)
The evolution of the particle distribution owing to its
interaction with the medium particles can be studied
through the Boltzmann transport equation,
df(x, p, t)
dt
=
∂f
∂t
+ ~v.∇xf + ~F .∇pf = C[f ], (2)
where f(x, p, t) is the distribution of particles which de-
pends on position, momentum and time. v is the velocity
and F is the external force. ∇x and ∇p are the partial
derivatives with respect to position and momentum, re-
spectively. C[f ] is the collision term which encodes the
interaction of the probe particles with the medium. Ear-
lier, BTE has also been used in the relaxation time ap-
proximation to study the time evolution of temperature
fluctuation in a non-equilibrated system [6] and also for
studying the RAA of various light and heavy flavours at
RHIC and LHC energies [5].
Assuming homogeneity of the system (∇xf = 0) and
absence of external forces (F=0), the second and third
terms of the Eq. 2 become zero and reduces to,
df(x, p, t)
dt
=
∂f
∂t
= C[f ]. (3)
In the relaxation time approximation [7, 8], the colli-
sion term can be expressed as :
C[f ] = −f − feq
τ
, (4)
where feq is Boltzmann local equilibrium distribution
characterized by a temperature T . τ is the relaxation
time, the time taken by a non-equilibrium system to
reach equilibrium. Using Eq. 4, Eq. 3 becomes
∂f
∂t
= −f − feq
τ
. (5)
Solving the above equation in view of the initial condi-
tions i.e. at t = 0, f = fin and at t = tf , f = ffin, leads
to,
ffin = feq + (fin − feq)e−
tf
τ , (6)
where tf is the freeze-out time. Using Eq. 6, the nuclear
modification factor can be expressed as,
RAA =
ffin
fin
=
feq
fin
+
(
1− feq
fin
)
e
−tf
τ . (7)
Eq. 7 is the derived nuclear modification factor after in-
corporating relaxation time approximation, which is the
basis of our analysis in the present paper. It involves the
Tsallis non-extensive distribution function as the initial
distribution and the BGBW function as the equilibrium
distribution.
Here, we take the Boltzmann-Gibbs Blast Wave
(BGBW) function as feq, which is given by
feq = D
∫ R0
0
r dr K1
(mT coshρ
T
)
I0
(pT sinhρ
T
)
, (8)
where D =
gV mT
2pi2
. Here g is the degeneracy factor,
V is the system volume, and mT =
√
p2T +m
2 is the
transverse mass, K1
(mT coshρ
T
)
and I0
(pT sinhρ
T
)
are
the modified Bessel’s functions and are given by
K1
(mT coshρ
T
)
=
∫ ∞
0
coshy exp
(
− mT coshy coshρ
T
)
dy, (9)
I0
(pT sinhρ
T
)
=
1
2pi
∫ 2pi
0
exp
(pT sinhρ cosφ
T
)
dφ, (10)
where ρ is a parameter given by ρ = tanh−1βr, with βr = βs
(
ξ
)n
[9, 10]. βs is the maximum surface velocity
3and ξ =
(
r/R0
)
, with r as the radial distance. This is
similar to the Hubble expansion of the universe (v = Hr,
H is the Hubble constant). In the blast-wave model the
particles closer to the center of the fireball move slower
than the ones on the edges. The average of the transverse
velocity can be evaluated as [11]
< βr >=
∫
βsξ
nξ dξ∫
ξ dξ
=
( 2
2 + n
)
βs. (11)
In our calculation we use a linear velocity profile, (n = 1)
and R0 is the maximum radius of the expanding source
at freeze-out (0 < ξ < 1). In this analysis, the initial
distribution is parameterized using three different distri-
butions: (i) the pQCD motivated power-law distribution
which is given as,
fin =
gV
(2pi)2
mT
[
mT
Tpp
]−n
, (12)
(ii) the distribution proposed by Hagedorn, which is a
combination of exponential distribution for low-pT and
power-law distribution for high-pT , is expressed as,
fin =
gV
(2pi)2
mT
[
1 +
mT
Tpp
]−n
, (13)
and (iii) the thermodynamically consistent non-extensive
Tsallis distribution [12]
fin =
gV
(2pi)2
mT
[
1 + (qpp − 1)mT
Tpp
]− qppqpp−1
. (14)
Using all the above distributions, we have analyzed the
RAA spectra and it is observed that the pQCD inspired
power-law distribution could explain the high transverse
momentum part but fails in low momentum range. Thus,
we have used the Tsallis distribution to obtain the expres-
sion for the final distribution and nuclear modification
factor. The thermodynamically consistent Tsallis dis-
tribution is used for studying the particle distributions
stemming from the proton-proton collisions as discussed
in Ref. [12]. Tpp is the Tsallis temperature and qpp is the
non-extensive parameter, which measures the degree of
deviation from equilibrium.
Using Eqs. 8 and 14, the final distribution can be
expressed as,
ffin = D
{∫ R0
0
r dr K1
(mT coshρ
T
)
I0
(pT sinhρ
T
)
+(
1
2
[
1 + (qpp − 1)mT
Tpp
]− qppqpp−1 − ∫ R0
0
r dr K1
(mT coshρ
T
)
I0
(pT sinhρ
T
))
e
−tf
τ
}
. (15)
Using Eqs. 8 and 15 (both for mid-rapidity and for zero
chemical potential) in Eq. 7, nuclear modification factor
can be expressed as,
RAA =
ffin
fin
=
∫ R0
0
r dr K1
(
mT coshρ
T
)
I0
(
pT sinhρ
T
)
1
2
[
1 + (qpp − 1)mTTpp
]− qppqpp−1 +
1−
∫ R0
0
r dr K1
(
mT coshρ
T
)
I0
(
pT sinhρ
T
)
1
2
[
1 + (qpp − 1)mTTpp
]− qppqpp−1
 e−tfτ . (16)
Here, Tpp and qpp are extracted from the best fit to the
particle spectra in p + p collisions. The Eqs. 15 and 16
are used to fit the experimental results as discussed in
the following section.
III. RESULTS AND DISCUSSIONS
We now proceed to the more detailed analysis of the
experimental data with the proposed formulation. Keep-
ing all the parameters free, we fit the spectra for dif-
ferent particles in most central Pb+Pb collisions using
TMinuit class available in ROOT library [13] to get a
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FIG. 1: (Color online) The invariant yield of various particles
in most central Pb+Pb collisions at
√
sNN = 2.76 TeV at
mid-rapidity. The fitted lines are the final distributions given
by Eq. 15.
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FIG. 2: (Color online) Fitting of RAA spectra for pions in
most central Pb+Pb collisions at
√
sNN = 2.76 TeV, us-
ing three different initial distributions. The blue dotted line
shows the fitting using the power-law distribution (Eq. 12),
the magenta dotted line shows the fitting using the Hage-
dorn distribution (Eq. 13) and the blue line shows the fitting
using the thermodynamically consistent Tsallis distribution
(Eq. 14).
convergent solution. The convergent solution is obtained
by χ2-minimization technique. Fig. 1 shows the invari-
ant pT -spectra of pi
++pi−, K++K−, (K∗0+K¯∗0)/2, p+p¯
and φ for the most central Pb+Pb collisions at
√
sNN =
2.76 TeV at mid-rapidity. The fitted lines are the ex-
pectations from the final distribution given by Eq. 15.
The Eq. 15 describes the experimental data very well up
to pT = 5 GeV/c for all the particles with a very good
χ2/ndf except for p + p¯ and pi+ + pi−, for which we do
not get a good χ2/ndf after pT = 3 GeV/c. Here Tpp,
qpp, < βr > and tf/τ are the fitting parameters for the
experimental data of transverse momentum (pT ) spec-
tra. The equilibrium temperature, T is fixed to 160 MeV
throughout the analysis.
Fig. 2 shows RAA as a function of pT for pions in most
central Pb-Pb collisions at
√
sNN = 2.76 TeV. Here, we
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FIG. 3: (Color online) RAA spectra for pions as a function
of the non-extensive parameter, qpp using Eq. 16. Here m =
0.139 GeV/c2, T = 0.16 GeV, Tpp = 0.108 GeV, tf/τ = 2.06
and βr = 0.501 are taken.
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FIG. 4: (Color online) RAA spectra for kaons [14] in most
central Pb+Pb collisions at
√
sNN = 2.76 TeV. The solid line
shows the agreement of the present formalism in describing
the experimental data.
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FIG. 5: (Color online) RAA spectra for protons [14] in most
central Pb+Pb collisions at
√
sNN = 2.76 TeV. The solid line
shows the agreement of the present formalism in describing
the experimental data.
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FIG. 6: (Color online) RAA spectra for (K
∗0 + K¯∗0)/2 [15]
in most central Pb+Pb collisions at
√
sNN = 2.76 TeV. The
solid line shows the agreement of the present formalism in
describing the experimental data.
fit the experimental data by taking the various types of
initial distributions as mentioned above in order to check
the suitability of the initial distributions used as fin in
the definition of RAA. It is observed that the pQCD
inspired power-law distribution could explain the high
transverse momentum part but fails in low momentum
range compared to other two distributions. This is ex-
pected as the high-pT contribution mostly comes from
hard scatterings, which are described by pQCD. The dis-
tribution proposed by Hagedorn behaves as an exponen-
tial distribution in low-pT and the power-law distribution
in high-pT domains, explains RAA for the complete range
of pT . The thermodynamically consistent Tsallis distri-
bution is also used to fit RAA in comparison with the
above mentioned initial distributions. We find that using
the thermodynamically consistent Tsallis distribution as
an initial distribution, theRAA spectra are explained suc-
cessfully. So, considering the whole pT -range and taking
the non-extensive statistics as an initial distribution, we
further proceed towards studying RAA of light flavours
and resonances in Pb+Pb collisions at
√
sNN = 2.76 TeV
at the LHC. We also notice that using the BGBW func-
tion as feq in the definition of RAA gives a very good de-
scription in the whole pT -range, while our earlier version
of RAA formulation, which uses Boltzmann-Gibbs distri-
bution as the equilibrium distribution, fails at the low-pT
domain. This suggests that the collective flow plays an
important role in the study of RAA spectra. Further,
in the description of RAA spectra of all other particles,
we use the non-extensive Tsallis distribution function as
fin. This is because, in addition to a better descrip-
tion of pT -spectra in p+p collisions and the RAA-spectra
in nucleus-nucleus collisions in the present formalism, it
also gives other thermodynamical properties of the sys-
tem, which are quite useful in characterizing the matter
formed at this energy.
Figure 3 shows the variation of nuclear modification
factor as a function of pT for different values of non-
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FIG. 7: (Color online) RAA spectra for φ [15] in most cen-
tral Pb+Pb collisions at
√
sNN = 2.76 TeV. The solid line
shows the agreement of the present formalism in describing
the experimental data.
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FIG. 8: (Color online) Radial flow (< βr >) as a function of
particle mass.
extensive parameter qpp following Eq. 16. Here m =
0.139 GeV/c2, T = 0.16 GeV, Tpp = 0.108 GeV, tf/τ
= 2.06 and < βr > = 0.501. It is observed that, the
RAA value decreases with increase in qpp, which suggests
that when the initial distribution remains closer to equi-
librium (lower the value of qpp), the suppression becomes
less. This observation goes inline with our previous ob-
servation [5]. Also, it is observed from Fig. 3 that the
non-extensive parameter dependence on RAA spectra is
only seen up to pT ∼ 8 GeV/c. The flatness in RAA,
which is seen in higher-pT , is observed to shift towards
lower-pT for higher qpp-values. These are very important
observations.
Figures 4, 5, 6, and 7 show the RAA-spectra of K
+ +
K−, p + p¯, (K∗0 + K¯∗0)/2 and φ for the most central
Pb+Pb collisions at
√
sNN = 2.76 TeV, respectively. The
spectra are fitted to the the function for RAA given by
Eq. 16, which is obtained in the present formalism of
BTE with RTA and BGBW function as the equilibrium
distribution. The extracted parameters are enlisted in
Table I. As could be observed from the above figures
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FIG. 9: (Color online) The ratio of freeze-out time to relax-
ation time (tf/τ) as a function of particle mass.
the present formalism explains the nuclear modification
factor very well up to 8 GeV/c for all the particles except
p + p¯, for which it is explained up to 5 GeV/c. This is
because p + p¯ shows an enhancement in the yield after
pT ∼ 3 GeV/c, which is not seen for other particles [15].
In Fig. 8, we show the variation of radial flow with the
mass of the particles, extracted from the RAA spectra
in the present formulation. Higher mass particles seem
to have lower flow velocity, which goes in line with the
hydrodynamic behavior of collectivity in these systems.
However, as can be seen here, the (K∗0 + K¯∗0)/2 and
p+ p¯ do not follow the same trend.
Figure 9 shows the variation of the ratio of freeze-out
time (tf ) to the relaxation time (τ) with the mass of the
particles. This ratio has been extracted from the fitting
to the RAA spectra. tf/τ is almost independent of the
particle mass, except for the protons and anti-protons.
Although this does not go in line with the intuitive ex-
pectations, as the degrees of freedom are shared between
various parameters like, < βr >, qpp, Tpp and tf/τ , one
needs to understand the interplay of these parameters.
IV. SUMMARY AND CONCLUSION
In this work, we have made an attempt to explain the
transverse momentum spectra and nuclear modification
factor of various particles produced in central Pb+Pb
collisions at
√
sNN= 2.76 TeV at the LHC, in a single
approach. This formalism uses the Boltzmann Transport
Equation in Relaxation Time Approximation, where we
have taken a thermodynamically consistent Tsallis non-
extensive distribution function as the initial distribution
of the particle momenta. Using the BTE, we study the
time evolution of the initial distribution function to find
the final distribution function of the particles. In this
approach, we have used the Boltzmann-Gibbs Blast Wave
function as the equilibrium distribution in the nucleus-
nucleus collisions, where collective radial flow plays an
important role in describing the transverse momentum
distribution. In summary,
1. In this formalism, we find that the final distribu-
tion function describes the transverse momentum
spectra and the nuclear modification factor of pi-
ons, kaons, protons, K∗0 and φ up to considerably
high pT .
2. The extracted radial flow seems to be mass depen-
dent and favours a hydrodynamic behavior except
for (K∗0 + K¯∗0)/2 and p + p¯, which needs further
studies.
3. RAA is found to be independent of the degree of
non-extensivity, qpp after pT ∼ 8 GeV/c. The flat-
ness in RAA, which is seen in higher-pT , is observed
to shift towards lower-pT for higher qpp-values.
4. The non-extensivity parameter, qpp is mass depen-
dent and it decreases for higher mass particles.
Higher mass particles have a tendency of fast equi-
libration.
5. The inclusion of radial flow, < βr > in the the-
ory, favours the non-extensivity, as is expected in-
tuitively. This is seen when we compare the present
results with our earlier findings [5].
6. The ratio, tf/τ seems to be independent of parti-
cle mass, except for protons and anti-protons. Al-
though this does not go in line with the intuitive ex-
pectations, where a decrease of tf/τ with increase
in the mass is expected [5], as the degrees of free-
dom are shared with other parameters, a micro-
scopic understanding is thus required for a clear
picture of the interplay of radial flow, relaxation
time and the non-extensivity of the system.
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√
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Pb+Pb 2.76 TeV
Particle χ2/ndf < βr > tf/τ qpp Tpp (GeV)
pi+ + pi− 0.064 0.501 ± 0.012 2.060 ± 0.054 1.200 ± 0.140 0.108 ± 0.009
K+ +K− 0.290 0.483 ± 0.017 2.186 ± 0.091 1.200 ± 0.012 0.053 ± 0.015
(K∗0 + K¯∗0)/2 0.744 0.523 ± 0.021 2.830 ± 0.359 1.161 ± 0.019 0.051 ± 0.014
p+ p¯ 1.531 0.544 ± 0.008 8.817 ± 1.065 1.182 ± 0.006 0.028 ± 0.001
φ 0.869 0.436 ± 0.024 1.940 ± 0.091 1.140 ± 0.012 0.031 ± 0.005
